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ON INVARIANT GIBBS MEASURES FOR THE GENERALIZED KDV 

EQUATIONS 

TADAHIRO OH, GEORDIE RICHARDS, AND LAURENT THOMANN 


Abstract. We consider the generalized KdV equations on the circle. In particular, we 
construct global-in-time solutions with initial data distributed according to the Gibbs 
measure and show that the law of the random solutions, at any time, is again given by 
the Gibbs measure. In handling a nonlinearity of an arbitrary high degree, we make use 
of the Hermite polynomials and the white noise functional. 


1. Introduction 


1.1. Generalized KdV equations. We consider the generalized KdV equation (gKdV) 
on the circle: 


dtu + d^u = ±dx{u^) 

u\t=Q = no, 


(t, x) G M X T, 


( 1 . 1 ) 


where A; > 2 is an integer and n is a real-valued function on R x T with T = R/(27rZ). 
When k = 2 and 3, the equation (|l.ll) corresponds to the famous Korteweg-de Vries equa¬ 
tion (KdV) and the modified KdV equation (mKdV), respectively, and has been studied 
extensively from both theoretical and applied points of view. 

The gKdV equation (jl.ip is known to possess the following Hamiltonian structure: 


dtu 

where £{u) is the Hamiltonian given by 


dx 


d£{u) 

du 


= A [ {dxufdx±-^— [ n^+^dx. 

2 Jt k + 1 

In particular, £{u) is conserved under the dynamics of (11.11) . Moreover, the spatial mean 
fj u dx and the mass M(u) = fj dx are also conserved. While KdV {k = 2) and mKdV 
{k = 3) are known to be completely integrable and thus possess infinitely many conservation 
laws, there are no other known conservation laws for higher values of /c > 4. 

In view of the conservation of the spatial mean, we assume that both the initial condi¬ 
tion uq and the solution u are of spatial mean 0 in the following. In other words, defining 
the Fourier coefficient /(n) by 


fin)=T{f)in)= [ /(x)e—"dx, 

Jt 
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we will work on real-valued functions of the formQ 

1 




where Z* = Z \ {0}. 


1.2. Gibbs measures. Consider the following Hamiltonian dynamics on 

and 


A. - ^ 
t’l ~ dqj 


a- - 

^3 ~ dpj 


( 1 . 2 ) 


with Hamiltonian £{p,q) = £{pi, ■ ■ ■ ,Pn,qir" ^Qn)- Liouville’s theorem states that the 
Lebesgue measure \Yj=i dpjdqj on is invariant under the dynamics. Then, it follows 
from the conservation of the Hamiltonian £ that the Gibbs measure W^=i dpjdqj is 

invariant under the dynamics of p.2l) . 

In view of the Hamiltonian structure of gKdV (ll.ip , we expect the Gibbs measure of the 

formll 


dpk = Z-^ exp{-£{u))du = 


(1.3) 


to be invariant under the dynamics of m- As it stands, don is merely a formal expression. 
It turns out, however, that the Gibbs measure pk in H.3p can be defined as a probability 
measure absolutely continuous with respect to the following Gaussian measure: 


Note that p in (|1.4p is the induced probability measure under the map: 

w G I 


u(x) = u{x-,uj) = Y, 


nez* 


n 


(1.4) 


(1.5) 


where {pnjnsN is a sequence of independent standarcjl complex-valued Gaussian random 
variables on a probability space (H,T', P) conditioned that g-n = Vn, u G N. The random 
function u under p, represented by the Fourier-Wiener series in (11.51) . corresponds to a 
mean-zero Brownian loop (periodic Wiener process) on T. See [3]. Therefore, we refer to p 
as the (mean-zero periodic) Wiener measure in the following. Lastly, note that u in (II.5p 
lies in dd®(T) \ dd 2 (T) for any s < ^, almost surely. 

From Sobolev’s inequality, we see that fj{u{x;u))^~^^dx is finite almost surely. Hence, 
in the defocusing case, i.e. with the -|- sign in (jl.ip and an odd integer k > 3, the Gibbs 
measure pk is a well-defined probability measure on H^{T), s < ^, absolutely continuous 
with respect to p. 

Next, let us discuss the non-defocusing case, i.e. either k is even or we have the — sign in 
(jl.ip . (corresponding to the + sign in ()1.3p l. In this case, one encounters a normalization 
issue in (11.31) since fr^u^~^^dx is unbounded. In particular, the weight is not 

integrable with respect to the Gaussian measure p in (II.4h . In [25], Lebowitz-Rose-Speer 


^Hereafter, we drop the harmless 2n. 

^In the following, Z, Zn, and etc. denote various normalizing constants so that the corresponding mea- 
snres are probability measures when appropriate. 

^Namely, has mean 0 and variance 1. 
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proposed to insert a mass cutoff u^dx<R} consider the Gibbs measure Hk of the 
following form: 

duk = Z-4||„2da;<R}exp(-£:(u))(in 

= ( 1 . 6 ) 

They showed that one can realize the Gibbs measure in (|1.6I) as a probability measure 
on H^T), s < i, 

• for any mass cutoff size R > 0 when 1 < k < 5, and 

• for sufficiently small i? > 0 is when k = 5. 

Moreover, it was shown in [25] that the Gibbs measure is non-normalizable when k > 5 
or for 1 when k = 5. Lastly, we point out that the critical value k = 5 corresponds the 
smallest power of the nonlinearity where (ll.ip on the real line possesses finite time blowup 
solutions |26l[27|. 

In the seminal work [5], Bourgain proved the invariance of the Gibbs measures for KdV 
(k = 2) and mKdV {k = 3). Here, by invariance, we mean that 

/ifc($(-t)H) =/xfc(H) (1.7) 

for any measurable set A G ■s < any t G M, where ^{t) : uq G H^{T) i-a u{t) = 

<h(t)uo G H^{T) is a well-defined solution map to (|l.ip . at least almost surely with respect 
to /Tfc. While KdV was known to be globally well-posed in L^(T) D supp ^ 2 , as shown in |4], 
there was no well-posedness result for mKdV in the support of the Gibbs measure. In [5], 
Bourgain hrst established local well-posedness of mKdV in H^{T) n T'L®i’°°(T) D supp//a 
for some s < ^ < si < 1, where ||/||j^l'>o°o(t) = IK^)*^/(^)I|£^' He then used a probabilistic 
argument to construct almost sure global-in-time dynamics. In fact, the main novelty of the 
paper [5| is this globalization argument, exploiting the invariance of the finite dimensional 
Gibbs measures for the finite dimensional approximations to a given PDE. There have been 
many results on the construction of invariant Gibbs measures for Hamiltonian PDEs that 
followed and further developed the approach in |5]. See for example [SlEllMlESlIiailllEIl 
Ea sni EH ESI ED ini El ESI E5] • We also refer to the book by Zhidkov |41l Ghapter 4] for the 
construction of infinitely many invariant measures for KdV associated to the conservation 
laws of the equation at different levels of Sobolev regularity. 

In [35|, the second author considered the same problem for the quartic gKdV (fc = 4). 
As in the case of mKdV, the main challenge in |35j was the construction of the local-in-time 
dynamics in the support of the Gibbs measure. Eollowing the approach in [33|, the second 
author constructed almost sure local-in-time dynamics by establishing a probabilistic a 
priori estimate and proved the invariance of the Gibbs measured 

1.3. Main result. We now state our main result. In particular, for large values of /c > 5, 
this theorem addresses the invariance of the Gibbs measures for gKdV dED) for the first 
time. 

Theorem 1.1. Assume one of the following conditions: 

^Strictly speaking, the invariance of the Gibbs measure in [3S1 was shown only for the gauged quartic 
gKdV. See Remark ll. 31 below. 
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(i) defocusing gKdV: with the + sign in dni) and odd k > 3, or 

(ii) non-defocusing gKdV: 2 < k < 5. When k = 5, the mass threshold R > 0 is 
sufficiently small. 

Then, given any s < ^, there exists a set S = S(s) of full measure with respect to pLk such 
that for every cf £ T,, the generalized KdV equation (HH) with mean-zero initial condition 
tt(0) = (j) has a global-in-time solution u G C{M] Moreover, for all t G M, the law 

of the random function u{t) is given by pk ■ 


Theorem o asserts two statements: global existence of solutions (without uniqueness) 
and invariance of pk- Regarding the invariance part, Theorem 11.11 only claims that, given 
any t G M, the law C{u{t)) of the ff'^-valued random variable u{t) is given by the Gibbs mea¬ 
sure pk- This implies the invariance property of the Gibbs measure pk in some mild sense, 
but it is weaker than the actual invariance described in (jl.7l) . While the well-posedness 
results for gKdV in low regularity setting [3511151ES] are obtained via gauge transforms, we 
work directly on the equation (II.1|) in the following. This is crucial to study the invariance 
property of the Gibbs measure pk- See Remark [1.3 1 for more details. 


A precursor to the existence part of Theorem II.II appears in the work by the third author 
with Burq and Tzvetkov m, where they used the energy conservation and a regulariza¬ 
tion property under randomization to construct global-in-time solutions to the cubic NLW 
on T'^ for d > 3. The main ingredient in m is the compactness of the solutions to the 
approximating PDEs. 

We prove Theorem ll.il by following the approach presented in the work by the third 
author with Burq and Tzvetkov [12], which was in turn motivated by the works of Albeverio- 
Cruzeiro [T] and Da Prato-Debussche m in the study of fluids. This method allows us 
to construct global dynamics, even for very rough initial conditions mm- The main 
idea is to exploit the invariance of the truncated Gibbs measures pk^N (see (12.51) below) 
and construct a tight (= compact) sequence of measures on space-time functions. We 
then apply Skorokhod’s theorem (see Lemma 14.61 below! to construct global-in-time weak 
solutions for gKdV (11.11) . 

In order to prove Theorem II.II following the approach in m, one needs a uniform bound 
on the nonlinearity of gKdV and its truncated version (see (|2.2I) below). This is quite easy, 
since we have u £ for all 2 < p < oo, almost surely with respect to the Gibbs measure pk- 
In the following, we prove a stronger regularity result on the nonlinearity. Recalling that u 
dehned in (11.51) lies in H^{T) for any s < ^ almost surely, we show that also lies in H^{T) 
for any s < ^, almost surely. See Proposition l3.ll We wanted to include this optimal bound 
in this paper, since we believe that this could be a first step towards a probabilistic strong 
well-posedness result for gKdV on the support of the Gibbs measure. The main source 
of difficulty in proving Proposition 13. II comes from the more complicated combinatoric^ 
for larger values of /c. In order to overcome this combinatorial difficulty, we make use of 
the white noise functional (see Dehnition 13.31 below) and the orthogonality property of the 
Hermite polynomials fLemma l3.4l) and entirely avoid combinatorial arguments of increasing 


®See [12] for examples of probabilistic estimates on various nonlinearities of low degrees, where the 
required combinatorics is relatively simple thanks to the low degree of the nonlinearities. See also |34l 
Appendix A] for a concrete combinatorial computation for the (Wick ordered) quintic nonlinearity. 
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complexity in k. This allows us to prove Proposition 13 .1 1 in a concise and uniform manner. 
See Da Prato-Debussche [18] and Da Prato-Tubaro m for a presentation of this method 
in the context of the stochastic quantization equation on T^. See also a related recent 
work by the hrst and third authors [M] on the invariant Gibbs measures for the nonlinear 
Schrodinger equations on T^. 

For simplicity of the presentation, we only treat o with the -|- sign and drop the mass 
cutoff u^dx<R} required for normalization of the Gibbs measures in the non-defocusing 
case. Note that the restriction on the values of k in the non-defocusing case in Theorem ll.il 
simply comes from the normalization of the Gibbs measures as probability measures [22112] 
and that it does not appear in the proof of Theorem ll.il in an explicit manner. 


Remark 1.2. The mean-zero assumption in the construction of the Gibbs measure (and 
hence in Theorem ll.il) is not essential. In view of the mass conservation, one can consider 
the Gibbs measure of the form; 

dp-k = Z~^ exp (y — £{u) — \M{u))du = /t“ (1.8) 

where p denotes the Gaussian measure given by 


Under p, a typical element u is represented by 


u{x) 


u{x;uj) = 


neZ* 


gnjoj) 

y/l + R?- 


(1.9) 


where {5n}nGZ>o is a sequence of independent standard complex-valued Gaussian random 
variables conditioned that g-n = n G Z>o. Unlike (II. 5p . the random function u in (|1.9p 
has a spatial mean gQ{oj). We point out that Theorem ll.il with exactly the same proof 
holds for the Gibbs measure pk in dl-Sp . 


Remark 1.3. (i) Let k > 4. On the one hand, gKdV (11.11) is known to be locally well- 
posed in s > see [321 ES]- On the other hand, it is known to be mildly ill-posed 

for s < ^ in the sense that the solution map fails to be smooth in this range of regularity. 
See [3 [12]. Therefore, it is non-trivial to construct (local-in-time) solutions in the support 
of the Gibbs measure. 

When fc = 4, local-in-time dynamics was constructed in a probabilistic manner |35j . As 
in the deterministic case [321 |T2] , this probabilistic construction of solutions was carried out 
through a gauge transform and thus the uniqueness statement in [32] was very mild. While 
one can apply a similar probabilistic construction of solutions for k > 5, such construction 
requires case-by-case consideration (see P[I21[32]) and thus combinatorics gets out of con¬ 
trol for large values of k. At this point, there seems to be no uniform way to perform this 
probabilistic construction for all values of k, rather than working out case-by-case analysis 
for each fixed value of k. 


(ii) For the quartic gKdV (fc = 4), the second author [32] proved the invariance of the Gibbs 
measure for the following gauged gKdV: 


dtu + dlu = ±4(P^o[m^])5xW, 
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where P^o denotes the orthogonal projection onto the mean-zero functions. Through the 
inverse gauge transform, this result yields almost sure global well-posedness of the ungauged 
gKdV (jl.ip . The invariance of m under the dynamics of (jl.ip . however, is unknown. More¬ 
over, we do not know if the Gibbs measure Hk is absolutely continuous with respect to the 
pushforward of fjLk under the inverse gauge transform. This is a sharp contrast to the 
situation for the derivative cubic nonlinear Schrodinger equation. See [28l [29] . 

While Theorem ll.il asserts the existence of global-in-time dynamics under which /i 4 is 
invariant, we do not know if these solutions coincide with the almost sure global solutions 
constructed in [35] due to the mild uniqueness statement under the inverse gauge transform. 

Remark 1.4. In Theorem 11.11 we first hx s < ^ and construct a (non-unique) global 
solution u G (^(M; Thus, the solution u may depend on the choice of s < ^. In fact, 

one can easily modify the argument and construct a global solution u 
thus removing the dependence on a specific choice of s < See Remark 14.81 below. 

2. On THE TRUNCATED GKdV EQUATION 

In this section, we introduce the truncated gKdV equation and the truncated Gibbs 
measure ^k,N and discuss their basic properties. Given V € N, define Ej^ and by 

En = span{e*"'"=}|„|<Ar and Ej^ = span{e*"'"^}|„|>Ar. 

Gonsider the following truncated gKdV on T: 

dtu^ + dlu^ = [(Patw^)^] , (2.1) 

where Ptv denotes the Dirichlet projection onto the frequencies {|n| < N}. Letting 
, we can decouple (|2.ip into the following finite dimensional system of ODEs 

on E]\f: 

dtv^ + dlv^ = [( t ^)*'] ( 2 . 2 ) 

and the linear flow for high frequencies {|u| > N}: 

dtPj^u^ + dlPj^u^ = 0. (2.3) 

Here, P](f is the Dirichlet projection onto the high frequencies {|n| > N}. Note that the 
truncated gKdV (12.11) is a Hamiltonian PDE with 

Sn{u^) = ]: [ {dxU^fdx + —^ [ {PNU^)’'^^dx. (2.4) 

2 k + 1 

Associated to the truncated gKdV (12.111 . let us define the truncated Gibbs measure w 

b50 

dnk,N = eyiY>{-£N{u^))du^ = Rn{ u)dp{u), (2.5) 

where p is the Wiener measure defined in (11.41) and Rn{u) is dehned by 

Rn{u) := 

®In the non-defocusing case, there is a mass cutoff u'^dx<R} which we omit for simplicity of the 
presentation. 
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It basically follows from the argument in mm that Rn{u) converges to Rooiu) in LP{p), 
1 < p < oo, as N ^ oo. Consequently, for any 1 < p < oo, we have 

\\Rn{u)\\lp{p) <Cp <oo, (2.6) 

uniformly in G N, and 

lim pk,N{A) = pk{A) (2.7) 

N^oo 

for any measurable set A ^ s < ^. See also [T 2 l |34] . 

We now decompose the Wiener measure p as 

P = PN® Pn^ 

where pjq and p^ are the marginals of p on and respectively. Then, we can write 
the truncated Gibbs measure pk,N in (|2.5p as 

Pk,N = Pk,N ® Pn, (2.8) 

where pk,N is the finite dimensional Gibbs measure defined by 

dpk,N = 

We have the following lemma on global well-posedness of the truncated gKdV (12.11) and 
the invariance of the truncated Gibbs measure pk,N under the dynamics of m- 

Lemma 2.1. Let W G N and s < 5 . Then, the truncated gKdV m is globally well-posed 
in 77® (T). Moreover, the truncated Gibbs measure pk,N is invariant under the dynamics 

o/dH]). 

In particular. Lemma f2.II states that if the law of tt^(O) is given by pk,N, then the law 
of the corresponding solution u^ (t) is again given by pk,N for any t G M. 

Proof. We first prove global well-posedness of the truncated gKdV m- We use the 
decomposition of ( 12 . 1 |) by the low frequency part (j 2 . 2 l) and the high frequency part (j2.3|) . As 
a linear equation, the high frequency part (|2.3n is globally well-posed. By viewing (12.2p on 
the Fourier side, we see that (|2.2p is a finite dimensional system of ODEs of dimension 2N. 
Hence, by the Cauchy-Lipschitz theorem, (12.2p is locally well-posed. 

By a direct computation, it is easy to see from (|2.2p that fj \v^\'^dx is conserved for (12.21) . 
In particular, this shows that the Euclidean norm on the phase space 

||{^^W}|n|<Jv||c2iv = ( = ( f \v^\‘^dx 

is conserved under ()2.2I) . This proves global existence for (12.21) and hence for the truncated 
gKdV mi . 

On the one hand, the linear flow (12.31) leaves the Gaussian measure pj:^ on Ej^ invariant 
under the dynamics. On the other hand, noting that (12.2p is the finite dimensional Hamil¬ 
tonian dynamics corresponding to £]y{v^) defined in (12.41) . we see that Pk,N is invariant 
under ( 12 . 2 |) . Therefore, in view of ( 12 . 8 p . the truncated Gibbs measure pk,N is invariant 
under the dynamics of mi . □ 
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3. Hermite functions and white noise functional 

Let u be the random function defined in (|1.5I1 distributed according to the Wiener mea¬ 
sure p. Then, the nonlinearity dx{u^) makes sense as a (spatial) distribution almost surely, 
since u E for any e > 0 and hence u E L^(T) for any p < oo almost surely. Given 

E N, define Tjv(u) and F{u) by 

FNiu) := P 7 v[(P 7 vu)^] and F{u) := Foo(u) = u\ (3.1) 

The main goal of this section is to establish the following convergence property of Fj\f(u) 
to F{u). 

Proposition 3.1. Let k > 2 be an integer and s < ^. Then, there exists > 0 sueh 
that 

\\^N{u)\\];^p(^p.j{sp ||T’(w)||lp(p;_H's) < — 1) 2 (3.2) 

for any p > 1 and any E N. Moreover, given e > 0 with s + e < there exists Ck,s,£ > 0 
such that 

||Tm('u) - FNiu)\\Lp(^p.H‘) < Ck,s,e{p- (3-3) 

for any p > 1 and any 1 < N < M < oo. In particular, Fi^(u) converges to F{u) in 
LP{p-,H^{T)) asN^oo. 

Remark 3.2. In order to construct global-in-time weak solutions claimed in Theorem ll.il 
one only needs to prove in (13.2p and (13.31) with s = 0. This easily follows from the fact that 
u E L'^(T) for any q < oo almost surely. Then, one can proceed as in [121 Lemma 5.6]. On 
the other hand. Proposition 13.11 is optimal in the range of s < ^ and shows the stability of 
u e-)• F^(u) in the R^-norm. 

3.1. Hermite polynomials and white noise fnnctional. First, recall from [23] the 
Hermite polynomials Hn{x;a) defined through the generating function: 

°° fk 

G{t,x;a) := ='^ —Hk{x;a). (3.4) 

A:=0 

For simplicity, we set G{t,x) := G{t,x]l) and Hk{x) := Hk{x;l) in the following. For 
readers’ convenience, we write out the first few Hermite polynomials: 

HQ{x;a) = l, Hi{x;a)=x, H 2 {x;a) = x'^ — a, 

H^{x] a) = x^ — Sax, Hi{x-, a) = x'^ — Qax^ + 3a^. 

Then, the monomial x”' can be expressed in term of the Hermite polynomials: 

[-] 

= E ( 2 ^) " mc7^Hk.2m{x-,a), (3.5) 

where (2m — 1)!! = (2m — l)(2m — 3) • • • 3 • 1 = and (—1)!! := 1 by convention. 

Next, we define the white noise functional. Let w{x;uj) be the (real-valued) mean-zero 
Gaussian white noise on T defined by 

w{x-,uj) = ^ gn{w)e^'^^. 

nOZ* 
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Definition 3.3. The white noise functional : L^(T) —>• is defined by 

Wf{uj) = {f,w{uj))L 2 = f{n)-^{uj) (3.6) 

neZ* 

for a real-valued function / G L^(T). Here, {^njngN is a sequence of independent standard 
complex-valued Gaussian random variables conditioned that g-n = n € N, as in (jl.SI) . 

For real-valued / G L^(T), IF/ is a real-valued Gaussian random variable with mean 0 
and variance ||/||^ 2 - Moreover, we have 

E[WfWf,] = {f,h)Li 

for f,h & L^(T). In particular, the white noise functional IF(.) is an isometry from L^(T) 
onto 

The following orthogonality lemma on the white noise functional and Hermite polynomi¬ 
als is well known |19] and will play an essential role in the subsequent analysis. We present 
the proof for readers’ convenience. 

Lemma 3.4. Let f,h £ L^(T) such that WfWi^ = ||^||l 2 = 1- Then, for k,m £ Z>o, we 
have 

E[Hk{Wf)Hm{Wh)] =6kmk\[{f,h)L2f. (3.7) 

Here, 5km denotes the Kronecker delta function. 


Proof First recall the following identity: 


JU neN ^ 


p2Re(/(n)g„) -|g„|2 


dgn 


g2Re/(n)Res„g-(Reg„)2^f,g^^ / e2Im/(n) Img„g-(Im 
TT Im ' 

n£N 

= e^neN\fin)f =elll/lli2. 


I 

Jr 


Let G be as in (|3.4p . Then, for any G M and f,h £ L^(T) with \\f\\L 2 = \\h\\i 2 = 1, 
we have 


[ G{t,Wfiu}))Gis,Whiu}))dP{uj) = e-'-^ [ 

Jn Jo. 




Thus, it follows from (j3.4h and (13.Sp that 


„ts{f,h ),2 _ 


Y ffffffi j^Hk{Wf{uj))Hm{Wh{i.o))dP{oj). 


k,m=0 


By comparing the coefficients of t^s^, we obtain (13.7p . 
Given G N U {oo}, define 

aN:=E[\\PNu\\l2]= Y 

l<|n|<A^ 




(3.8) 


□ 
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with the understanding that Pqo = Id. For fixed x G T and G N U { 00 }, we also define 



(3.9) 





l<|n|<Ar 


where en{y) = Note that 


lhiv(a:)||L2(T) = 1 


(3.10) 


for all fixed x G T and all N G N U { 00 }. Moreover, we have 


{VM{x),r]N{y))Li 


1 


-7Niy - x), 


(3.11) 


for fixed x,i/ G T and N,M G NU { 00 } with M > N. Note that utv < Ccxd = ^ for all 
G N. 

We now establish a second moment bound on the Fourier coefficients of the (truncated) 
nonlinearity Fm{u) and F{u) defined in (|3.1I) . 

Lemma 3.5. Let k >2 be an integer. Then, there exists Ck > 0 such that 


1 


\\{FN{u),en)Ll\\L^{p), \\{F{u),en)Ll\\L^{p) < Ck 


(3.12) 


n 


for any n G Z* and any N" G N. Moreover, given positive £ < \, there exists Ck,e > 0 such 
that 



(3.13) 


for any n G Z* and any 1 < N < M < 00 . 

Proof. We first prove (|3.12p . Let N G N U { 00 }. Given x G T, it follows from (jl.Sp . (13.61) . 
and ()3.9p that 


Pnu{x) 



(3.14) 


Then, from (13.51) and (|3.14p . we have 


k 



m=0 


(3.15) 
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Clearly, (Fjv(ii), = 0 when |n| > N. Thus, we only need to consider the case |n| < N. 
From Lemma [ 33 ] with (j3.15p . (|3.10p . and ()3.1ip . we have 


||(FAr(u),e„)i2||^2( ) = 0-^ / en{x)en{y) 


E 

m,m=0 


2 m 


(2m-l)!!(2~ )(2m-l)!! 


Jn 


111 


E foil [(2m-l)!!]^(fe-2m)!o-^ / [ 7 jv(?/- x)]^ - x)(ixdy 

,„_n Jr^xTy 


m=0 

[|1 




(3.16) 


m=0 

Given n = ni + • • • + nk- 2 m, we have maxj |nj| > |n| and thus 

k—2m 


^[1% — X] n ^2 - 


n=ni-\ - \-nk- 2 m j=l 

l<|nj |<7V 


(3.17) 


Hence, (I3.12p follows from (|3.16p and ^3.171) . 

Next, we prove (I3.13F Proceeding as before with (I3.15p . Lemma [3.4l for 1 < < M, 

and p3.1ip . we have 


\\{Fm{u) - FNiu),en)L^jL2i^p) = / en(x)en(y) 


[ll 

m,m=0 


2 m 


(2m- 1)!! { ] (2m- 1)!! 


X 


/[ 


1[1,M ]i\n\)(TMHk 

-2rniWr]M{.x))^k-2miWriM (j/)) 
h. h. 

h. h. 


T 1[1,A] (1^1 )*^V'^fc—2m(bFjjjy (a;))77fc_2m,(lF}j^(jy)) 


dPdxdy 


E ‘^M - 2.T)3aX;.F[7t-"”](n) + <.^[77"”](n) 

m=0 ^ 

[-] 


m=0 


(3.18) 
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On the one hand, noting that |n| > N, we can use ()3.17p to estimate the second sum on 
the right-hand side of (j3.18p . yielding (I3.13p . On the other hand, noting that 

k—2m 




< 


E 


1 


n- 

n=niH-hnfe_2m j=l 

l<\nj\<M 
maxj \nj\>N 


max(A^, |n|)^ 


and 


„m, ^m\ ^ ^ \ <r ^ 

~ ^n\ — — CTN] ^ 


(3.19) 


(3.20) 


we can use (I3.17p . (13.191) . and p3.20p to estimate the first sum on the right-hand side 
of (|3.18p . yielding (I3.13p . □ 


As an immediate corollary to Lemma 13.51 we obtain the following estimate on the H^- 
norm of L)v(u), establishing Proposition [3d] for p = 2. 

Corollary 3.6. Let k > 2 be an integer. Let s < 5 . Then, there exists Ck,s > 0 such that 

\\P{u)\\L2(^p.^H‘>) < Ck,s (3-21) 

for any A" G N. Moreover, given e > 0 with s -|- e < there exists Ck,s,£ > 0 sueh that 

\\Fm{u) - Fn{u)\\l2^p.^hs) < (3.22) 

for any 1 < N < M < 00 . 


3.2. Wiener chaos estimates. In this subsection, we prove Proposition [3d] by extend¬ 
ing (I3.2ip and (13.2211 in Corollary 13.61 to any finite p>2. This is achieved by an application 
of the Wiener chaos estimate lLemma l3.9l) . 

Fix d G N0 Consider the Hilbert space H = L‘^(W^,P(i) endowed with the Gaussian 
measure dpd = ( 2 - 71)“2 exp(—|xp/2)dx, x = {xi,... ,Xd) G M'^. Let L := A — x • V be 
the Ornstein-Uhlenbeck operator. Then, we have the following hypercontractivity of the 
Ornstein-Uhlenbeck semigroup S{t) := due to Nelson [50] . 

Lemma 3.7. Let p >2. Then, for every u G LP(M'^, pd) and t > ^ log(p — 1), we have 

||*S'(t)tt||£,p(Rd,^^) < (3.23) 


We stress that the estimate (|3.23p is independent of the dimension d. 

Next, we define a homogeneous Wiener chaos of order k to be an element of the form 
0^=1 Hkj{xj), where k = ki + ■ ■ ■ + kd and is the Hermite polynomial of degree kj 
dehned in (13.4p . Then, we have the following Ito-Wiener decomposition: 

00 

L^{R<^,Pd) = ^nk, 

k=0 

where TLk is the closure of homogeneous Wiener chaoses of order k under L^(]R‘^,/i^). We 
obtain the following corollary to Lemma [3.71 for elements in LLk- 

^Indeed, the discussion presented here also holds for d = 00 in the context of abstract Wiener spaces. 
For simplicity, however, we only consider hnite valnes for d. 
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Lemma 3.8. Let F G LLk- Then, for p > 2, we have 

ll-^llLP(R'^,/id) < (P “ 1) ^ (3.24) 

It is known that any element in is an eigenfunction of L with eigenvalue —k. Then, the 
estimate (I3.24p follows immediately from noting that F is an eigenfunction of S{t) = 
with eigenvalue e~^^ and setting t = ^ log(p — 1) in (I3.23p . 

As a further consequence to Lemma [3.81 we obtain the following Wiener chaos estimate. 

Lemma 3.9. Fix /c G N and c(ni,... ,nk) G C. Given d G N, let {gn}n=i ® sequence 
of independent standard complex-valued Gaussian random variables and set g_n = 'gH- 
Define Sk{io) by 

Skiuj) = ^ c{ni,...,nk)gnA‘^)---9nki^)^ 

T{k,d) 

where T{k,d) is defined by 

r{k,d) = {(ni,... ,nfc) G {±1,...,±d}^}. 

Then, for p > 2, we have 

WSkh^in) < Vi^ip - l)h\Sk\\mn)- (3.25) 

Note that the estimate (|3.25p is independent of d G N. Lemma [3.9l follows from ()3.5p 
and Lemma [3.81 See Proposition 2.4 in [37j for details. Lemmas 13.81 and 13.91 have been very 
effective in the probabilistic study of dispersive PDEs and related areas. @01 [3Z1 a ESI [281 

ESI El]. 

We are now ready to present the proof of Proposition 13.11 


Proof of Proposition\3Ai We only prove (|3.2h for A" = oo. The proofs of (|3.2p for A G N 
and (13.31) are analogous in view of Lemma [3.5l 

Let p >2. By Minkowski’s integral inequality with (11.511 and (13.111 followed by Lemma (3.91 
and Lemma [3.51 we have 


\\F{u)\\lp{p-,H‘>) = X] l”l 
\ nez* 


2s 


E n 


grii (w) 


nu 

n=ni+."nfe j=l ' •>' 

njGZ* 


LP{n)^ 


< Vk + l{p-l)2 I ^ 


. nez* 


guj (w) 


— — iridl 

n=ni-\ — rif. j=l ' ' 

rioGZ* 


L 2 (n)^ 


Vk + l{p-l)U Y \n\‘^"\\{Fiu),en)Ll\\l2^p) 


nez* 


< Ck{p-i)U Y 1^1 

neZ* 


2s-2 


< Ck,s{p- 1)2 


as long as s < ^. This proves (13.211 for A = oo. 


□ 
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4. Proof of Theorem o 

In this section, we present the proof of Theorem 11.11 Fix an integer k >2 and s < ^ in 
the following. The basic structure of the argument follows that in [13 EH- We point out 
a (minor) difference in the presentations in [12] and [3l|- On the one hand, the argument 
in |12] was first carried out on a finite time interval [—T, T] for T > 0. Namely, given T > 0, 
we construct a set T,t of full probability, guaranteeing the existence of solutions on [—T, T], 
such that the law of the random function u{t), t G [—T, T], is given by /Xfc. Then, the desired 
set S of full probability of global existence was constructed as S = PlAreN other 

hand, the desired set S of full probability of global existence was directly constructed in [M] 
without restricting the argument onto finite time intervals. In the following, we follow the 
approach presented in [M] . 

Given N G 'N, let fj,k,N be the invariant truncated Gibbs measure for the truncated 
gKdV (12.ip constructed in Section [3 We first extend fj,k,N to a measure on space-time 
functions. Let '■ H^{T) -G C'(M;LI^(T)) be the solution map to (|2.ip constructed in 
Lemma l2.ll By endowing C'(M;LI^(T)) with the compact-open topologyjj it follows from 
the local Lipschitz continuity of ‘h 7 v(') that 4>Ar is continuous from H^{T) into CPM; H^{T)). 
We now define a probability measure on C'(M;LI^(T)) by setting 

= fJ>k,N ° ■ (4.1) 

Namely, we define vn as the induced probability measure of fik,N under the map In 
particular, we have 

[ F{u)dvN{u) = [ F{^Ni^))dnk,N{(i>) 

for any measurable function F : (^(M; H^{T)) -G M. 

Our first goal is to show that {z^ArjArgN converges to some probability measure 
on (^(M; F[^{T)). For this purpose, recall the following definition of tightness for a sequence 
of probability measures. 

Definition 4.1. A sequence {/?n}nGN of probability measures on a metric space S is said 
to be tight if, for every e > 0, there exists a compact set such that pn{K^) < e for 
all n G N. 

Recall the following Prokhorov’s theorem on a tight sequence of probability measures. 

See [3- 

Lemma 4.2 (Prokhorov’s theorem). If a sequence of probability measures on a metric 
space S is tight, then there is a subsequence that converges weakly to a probability measure 
on S. 

The following proposition shows that the family {z^ArjArgN is tight and hence has a sub¬ 
sequence that converges weakly to some probability measure v on 

Proposition 4.3. The family {r'ArjArgN of the probability measures on (^(M; H^(T)) is tight. 

®Under the compact-open topology, a sequence {UnlngN C C(R;1/'’(T)) converges if and only if it 
converges uniformly on any compact time interval. 
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Similar tightness results were proven in MM in the context of the Gibbs measures 
for other evolution equations. Before proceeding to the proof of ProDosition l4.3l we first 
state several lemmas. We use the following notations. Given T > 0, we write for 

LP[[—T,T]; (T)). We use a similar abbreviation for other function spaces in time. 

The first lemma provides a uniform control on the size of random space-time functions 
under r'w It follows as a consequence of the invariance of fj.k,N under the dynamics of the 
truncated gKdV (12.ip (Lemma [2T]). See [T2l [M] for the proof. 

Lemma 4.4. Let s < ^ and p>l. Then, there exists Cp > 0 such that 

\\\MLPH4LPiuN) - 

uniformly in N G N. 

Recall also the following lemma on deterministic functions from |12j . 

Lemma 4.5 ( [12| Lemma 3.3]). Let T > 0 and 1 < p < oo. Suppose that u G L^H^^ and 
dtu G L^H^^ for some S 2 < si. Then, for 6 > p~^{si — S 2 ), we have 

i-i i 

Moreover, there exist a > 0 and 6 G [0,1] such that for all ti,t 2 G [—T,T], we have 

\\u{t2) - U{ti)\\jjs,-2S < |t2-tirikll^/p^silkllJj.i.Pp^sj- 

We now present the proof of Proposition 14.31 


Proof of Proposition^^ Let s < si < S 2 < ^. For a G (0,1) and T > 0, we define the 
Lipschitz space = C°‘{[—T,T];P[^^{T)) by the norm 


\u\ 


C^H‘ 


sup 


\u{tl) - u{t 2 )\\H‘>l 
\tl-t2\^ 


+ « 




Note that the embedding C CtH^ is compact for each T > 0. This follows from the 

compact embedding of into Lf^(T) and the Holder regularity in time of functions 

in , allowing us to apply Arzela-Ascoli’s theorem. 

For j G N, let Tj = 2L Given e > 0, define by 

iFg = {u G C(R] : ||tt||cs < coe~^T- ^ for all j G N} 

for some p > 1 (to be chosen later). Let C K^. By the definition of K^, {i^nlneN 

is bounded in Cf. for each j G N. Then, in view of the compact embedding C 

CtH^, we can apply the diagonal argument to extract a subsequence convergent in 

C^.H^ for each j G N. In particular, converges uniformly in on any compact 

time interval. Hence, {wn^j^eN converges in endowed with the compact-open 

topology. This proves that is compact in 



16 


T. OH, G. RICHARDS, L. THOMANN 


By Lemma [4.51 with large 1 and Young’s inequality followed by Lemma [4.41 we have 

< 




LPim) 


b/ld-® Ib/ll® 


Lp{vn) 


< 


m\LP^H’>2 


+ 


T/t/l’P TTan-3 


<CpTp. 


LP(u^) " ■■■'‘'T--- ' LP{uj,} - " 

for some a E (0,1) and 6 E [0,1], uniformly in Y E N. Then, by Markov’s inequality 
with (14.20 and choosing cq > 0 sufficiently large, we have 


< CQ-'eT. ' ^ 


Flics HU 

^3 


L^{un) 

This completes the proof of Proposition 14.31 


< Cq ^CpE X] ^ = ^0 ^CpE < £. 
i=i 


□ 


As a consequence of Proposition 14.31 and Lemma 14.21 we conclude that, passing to a 
subsequence, vMj converges weakly to some probability measure v on C(M;Lr^(T)). 

Next, recall the following Skorokhod’s theorem. See [21 [22] for the proof. 

Lemma 4.6 (Skorokhod’s theorem). Let S be a separable metric space. Suppose that pn 
are probability measures on S converging weakly to a probability measure p. Then, there 
exist random variables : Ll ^ S with laws pn and a random variable X : Ll ^ S with 
law p such that X^ —?• X almost surely. 

It follows from the weak convergence of to ly and Lemma [4.61 that there exist another 
probability space {Q,iF,P), a sequence of (^(M; Lf’^)-valued random variables, 

and a (^(M; Lf®)-valued random variable u such that 

= C{u^^) = UN, C{u) = u, (4.3) 

and converges to u in (^(M; H^(T)) almost surely with respect to P. Then, Theorem ll.il 
follows from the following proposition. 

Proposition 4.7. Let uNj, j E N, and u be as above. Then, and u are global-in- 
time distributional solutions to the truncated gKdV m and to gKdV respectively. 

Moreover, we have 

C{u^j (t)) = pk,Nj and C{u(t)) = pk (4.4) 

for any t E M. 

Proof. We first prove (|4.4I) . Fix t E M. Let Rt : —>■ be the evaluation map 

defined by Rtiv) = v{t). Then, from Lemma l2.ll we have 

hk,Nj = nNj ° Rf^- (4.5) 

Denoting by the distribution of ttY (t), it follows from (|4.3p and (14.51) that 

k'Nj = o Rf^ = Pk,Ny (4.6) 

In view of the almost sure convergence of u'F to u in C(M; H^), u^i{t) converges to u{t) 
in almost surely for any t E M. Then, denoting by u^ the distribution of u{t), it follows 
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from the dominated convergence theorem with (14.61) and (|2.7p that 

y\A) = J = n{A) 

for any A € s < ^. This proves that (|4.4p . 

Hence, it remains to show that and u are global-in-time distributional solutions to 
the truncated gKdV (j2.ip and to gKdV pi.ip . respectively. For j G N, define the V'^ ^^.-valued 
random variable Xj by 

X, = dtu^^ + dlu^^ - d^-PN, . 

Here, V[ = P'(M X T) denotes the space of space-time distributions on M x T. We define Xj 

for in an analogous manner. Noting that is a global solution to (12.ip . we see that 
Cx)i^^[Xj) = So, where Sq denotes the Dirac delta measure. By (14.3p . we also have 

= <5o, 

for each j G N. In particular, is a global solution to the truncated gKdV mi in the 
distributional sense, almost surely with respect to P. 

Recall that converges to u in C(W-,H^) almost surely with respect to P. Hence, we 
have the almost sure convergence of the linear part: 

dtu^J + dtu + d^u 

in P'(M X T) as j oo. 

Next, we discuss the almost sure convergence of the truncated nonlinearity in the distribu¬ 
tional sense. It suffices to show that converges to F{u) = 

in the distributional sense, almost surely. For simplicity of notation, let Fj = Fp^^ and 

Uj = . 

Fix T > 0 and let s < 5. By Lemma ITT] and Proposition 13.11 with (12.51) and p2.6p . we 
have 

\\\\F^{uj) - F{uj)\\L 2 ^H‘\\mu^.) = 

= {2T)h\\Fj{ct>)-Fmk^^^^^^.)Hs 

<ThRN^\LPp)\\FM)-Fm\LPp)Hs 
<T2N-^, (4.7) 

for some small e > 0. In the third step, we used the fact that Zjv > 1 in view of Z]\{ = 
II-^v('u)||l1(p) ^ II-Roo(i^)||l1(p) > 0 as V —)• 00 . Fix M G N. Then, proceeding as in (14.7p . 
we have 

II “ FM{uj)\\i'^us II ^ T^M 

uniformly in j G N U { 00 }. Lastly, note that it follows from the almost sure convergence of 
to u in (7(1^; H^) and the continuity of Fm that FM{uj) converges to Fm{u) in (^(M; H^) 
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as j oo, almost surely with respect to P. Hence, by writing Fj{uj) — F{u) as 
Fj{uj) - F{u) = {Fj{uj) - F{uj)) + {F{uj) - Fj^iuj)) 

+ {Fniuj) - Fm{u)) + [Fm{u) — F{u)), 

we see that, after passing to a subsequence, Fj{uj) converges to F{u) in L^([—T, T]; H^{T)) 
almost surely with respect to P. 

By iteratively applying the above argument on time intervals [—2^,2^], £ G N, we con¬ 
struct a sequence of sets of full probability with C Qi such that a subse¬ 

quence Fj(e+i){uj(e+i)){uj) of F-(i){Uj(i)){uj) from the previous step converges to F{u){co) in 
for all uj G ^i+i- Then, by a diagonal argument, passing to a subse¬ 
quence, the term Fj{uj) converges to F{u) in almost surely with respect to P. In 

particular, up to a subsequence, Fj{uj) converges to F{u) in P'(R x T) almost surely with 
respect to P. Therefore, u is a global-in-time distributional solution to (jl.ip . □ 


Remark 4.8. In the proof of Theorem 11.11 presented above, we first fixed s < ^ and thus 
our solution u depends on the value of s < ^. In the following, we briefly describe how to 
remove this dependence on s. 

Note that the solution map ^isf to m constructed in Lemma [Q is independent of 
s > 0. Then, letting ^ n G N, we can view in ()4.1I) as a probability measure 

on 

C(M;R5-(T)) := p| C(M;R"(T)) = p| C(M;R""(T)) 

S<1 nSN 

endowed with the following metric 


d{u, v) 


E 

n=l 


1 \W — v\\ctH‘n 
2*^ 1 -|- ||tt — vWctH^-^ 


(4.8) 


It follows from the proof of Theorem ll.ll that {^' 7 v}ArgN is tight as probability measures on 
C'(M;R^"(T)) for each n G N. Then, by Prokhorov’s theorem iLemma 14.2p and a diagonal 
argument, we can extract a subsequence {t^Nj}jeN weakly convergent to v as probability 
measures on C(M; iL'^"(T)) for each n G N. In particular, in view of (|4.8p . {i'Nj}j£N 
converges weakly to u as probability measures on C{M.] H 2 ~(T)). Then, by Skorokhod’s 
theorem fLemma l4.6p . there exist another probability space (O, P,P), a sequence 
of C(]R; R 2 “)-valued random variables, and a (^(M; R 2 “)-valued random variable u such 
that (j4.3p holds and converges to u in CpiR; R 2 “(T)) almost surely with respect to P. 
This in turn implies that converges almost surely to u in CpiR; R^’’(T)) for each n G N. 
Finally, by applying Proposition 14.71 with some fixed regularity we conclude that u is 
a global distributional solution to O) and that Theorem o holds with this particular 
u G CpiR; R 2 “(T)) for any s < 5 . 


Acknowledgements. The authors would like to thank the anonymous referee for raising a 
question discussed in Remarks 11.41 and 14.81 T.O. was supported by the European Research 
Council (grant no. 637995 “ProbDynDispEq”). L.T. was supported by the grant “ANAE” 
ANR-13-BS01-0010-03. 



ON INVARIANT GIBBS MEASURES FOR GKDV 


19 


References 

[1] S. Albeverio, A. Cruzeiro, Global flows with invariant (Gibbs) measures for Euler and Navier-Stokes 
two dimensional fluids, Comm. Math. Phys. 129 (1990) 431-444. 

[2] R. Bass, Stochastic processes. Cambridge Series in Statistical and Probabilistic Mathematics, 33. Cam¬ 
bridge University Press, Cambridge, 2011. xvi-|-390 pp. 

[3] A. Benyi, T. Oh, Modulation spaces, Wiener amalgam spaces, and Brownian motions, Adv. Math. 228 
(2011), no. 5, 2943-2981. 

[4] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications to 
nonlinear evolution equations, 11. The KdV-equation, Geom. Funct. Anal. 3 (1993), no. 3, 209-262. 

[5] J. Bourgain, Periodic nonlinear Schrodinger equation and invariant measures, Comm. Math. Phys. 166 
(1994), no. 1, 1-26. 

[6] J. Bourgain, Invariant measures for the 2D-defocusing nonlinear Sehrodinger equation, Comm. Math. 
Phys. 176 (1996), no. 2, 421-445. 

[7] J. Bourgain, Periodic Korteweg-de Vries equation with measures as initial data, Sel. Math., New Ser. 
3 (1997), 115-159. 

[8] J. Bourgain, Invariant measures for the Gross-Piatevskii equation, J. Math. Pures Appl. (9) 76 (1997), 
no. 8, 649-702. 

[9] J. Bourgain, A. Bulut, Almost sure global well posedness for the radial nonlinear Schrodinger equation 
on the unit ball II: the 3D case, J. Eur. Math. Soc. (JEMS) 16 (2014), no. 6, 1289-1325. 

[10] N. Burq, L. Thomann, N. Tzvetkov, Long time dynamics for the one dimensional non linear Schrodinger 
equation, Ann. Inst. Fourier (Grenoble). 63 (2013), no. 6, p. 2137-2198. 

[11] N. Burq, L. Thomann, N. Tzvetkov, Global infinite energy solutions for the cubic wave equation. Bull. 
Soc. Math. France. 143 (2015), no. 2, 301-313. 

]12] N. Burq, L. Thomann, N. Tzvetkov, Remarks on the Gibbs measures for nonlinear dispersive equations, 
arXiv:1412.7499 [math.AP]. 

[13] N. Burq, N. Tzvetkov, Invariant measure for a three dimensional nonlinear wave equation, Int. Math. 
Res. Not. IMRN 2007, no. 22, Art. ID rnml08, 26 pp. 

[14] N. Burq, N. Tzvetkov, Random data Gauchy theory for supercritical wave equations. II. A global exis¬ 
tence result. Invent. Math. 173 (2008), no. 3, 477-496. 

[15] J. Colliander, M. Keel, G. Staflilani, H. Takaoka, T. Tao, Multilinear estimates for periodic KdV 
equations, and applications, J. Funct. Anal. 211 (2004), no. 1, 173-218. 

[16] J. Colliander, T. Oh, Almost sure well-posedness of the cubic nonlinear Schrodinger equation below 
L2(T), Duke Math. J. 161 (2012), no. 3, 367-414. 

[17] G. Da Prato, A. Debussche, Two-dimensional Navier-Stokes equations driven by a space-time white 
noise, J. Funct. Anal. 196 (2002), no. 1, 180-210. 

[18] G. Da Prato, A. Debussche, Strong solutions to the stochastic quantization equations, Ann. Probab. 31 
(2003), no. 4, 1900-1916. 

[19] G. Da Prato, L. Tubaro, Wick powers in stochastic PDEs: an introduction, Technical Report UTM, 
2006, 39 pp. 

[20] Y. Deng, Invariance of the Gibbs measure for the Benjamin-Ono equation, J. Eur. Math. Soc. (JEMS) 
17 (2015), no. 5, 1107-1198. 

[21] A.-S. de Suzzoni, Wave turbulence for the BBM equation: stability of a Gaussian statistics under the 
flow of BBM, Comm. Math. Phys. 326 (2014), no. 3, 773-813. 

[22] R. Dudley, Real analysis and probability. Revised reprint of the 1989 original. Cambridge Studies in 
Advanced Mathematics, 74. Cambridge University Press, Cambridge, 2002. x-l-555 pp. 

[23] P. Germain, Z. Hani, L. Thomann, On the continuous resonant equation for NTS II. Statistical study, 
Analysis & PDE. 8 (2015), no. 7, 1733-1756. 

[24] H. Kuo, Introduction to stochastic integration. Universitext. Springer, New York, 2006. xiv-|-278 pp. 

[25] J. Lebowitz, H. Rose, E. Speer, Statistical mechanics of the nonlinear Schrodinger equation, J. Statist. 
Phys. 50 (1988), no. 3-4, 657-687. 

[26] Y. Martel, F. Merle, A Liouville theorem for the critical generalized Korteweg-de Vries equation, J. 
Math. Pures Appl. (9) 79 (2000), no. 4, 339-425. 

[27] F. Merle, Existence of blow-up solutions in the energy space for the critical generalized KdV equation, 
J. Amer. Math. Soc. 14 (2001), no. 3, 555-578. 

]28] A. Nahmod, T. Oh, L. Rey-Bellet, G. Staflilani, Invariant weighted Wiener measures and almost sure 
global well-posedness for the periodic derivative NTS, J. Eur. Math. Soc. 14 (2012), 1275-1330. 



20 


T. OH, G. RICHARDS, L. THOMANN 


[29] A. Nahmod, L. Rey-Bellet, S. Sheffield, G. Staffilani, Absolute continuity of Brownian bridges under 
certain gauge transformations, Math. Res. Lett. 18 (2011), no. 5, 875-887. 

[30] E. Nelson, The free Markoff field, J. Functional Analysis 12 (1973), 211-227. 

[31] T. Oh, Invariant Gibbs measures and a.s. global welTposedness for coupled KdV systems. Dill. Integ. 
Eq. 22 (2009), no. 7-8, 637-668. 

[32] T. Oh, Invariance of the Gibbs Measure for the Schrodinger-Benjamin-Ono System, SIAM J. Math. 
Anal. 41 (2009), no. 6, 2207-2225. 

[33] T. Oh, Remarks on nonlinear smoothing under randomization for the periodic KdV and the cubic Szego 
equation, Funkcial. Ekvac. 54 (2011), no. 3, 335-365. 

[34] T. Oh, L. Thomann, Invariant Gibbs measures for the 2-d defocusing nonlinear Schrodinger equations, 
arXiv: 1509.02093 [math.AP]. 

[35] G. Richards, Invariance of the Gibbs measure for the periodic quartic gKdV, Ann. Inst. H. Poincare 
Anal. Non Lineaire 33 (2016), 699-766. 

[36] G. Staffilani, On solutions for periodic generalized KdV equations. Internal. Math. Res. Notices (1997), 
no. 18, 899-917. 

[37] L. Thomann, N. Tzvetkov, Gibbs measure for the periodic derivative nonlinear Schrodinger equation, 
Nonlinearity 23 (2010), no. 11, 2771-2791. 

[38] N. Tzvetkov, Invariant measures for the nonlinear Schrodinger equation on the disc, Dyn. Partial Differ. 
Equ. 3 (2006), no. 2, 111-160. 

[39] N. Tzvetkov, Invariant measures for the defocusing Nonlinear Schrodinger equation (Mesures invari- 
antes pour Tequation de Schrodinger non lineaire), Annales de I’lnstitut Fourier, 58 (2008), 2543-2604. 

[40] N. Tzvetkov, Construction of a Gibbs measure associated to the periodic Benjamin-Ono equation, 
Probab. Theory Related Fields 146 (2010), no. 3-4, 481-514. 

[41] P. Zhidkov, Korteweg-de Vries and nonlinear Schrodinger equations: qualitative theory. Lecture Notes 
in Mathematics, 1756. Springer-Verlag, Berlin, 2001. vi-|-147 pp. 

Tadahiro Oh, School of Mathematics, The University of Edinburgh, and The Maxwell In¬ 
stitute FOR the Mathematical Sciences, James Clerk Maxwell Building, The King’s Buildings, 

Peter Guthrie Tait Road, Edinburgh, EH9 3FD, United Kingdom 
E-mail address: hiro.oh@ed.ac.uk 

Geordie Richards, Department of Mathematics, University of Rochester, 915 Hylan Build¬ 
ing, RC Box 270138, Rochester, NY 14627, USA 
E-mail address: g.richards@rochester.edu 

Laurent Thomann, Institut Elie Cartan, Universite de Lorraine, B.P. 70239, E-54506 

Vandceuvre-les-Nancy Cedex, Erance 

E-mail address: laurent. thom£uin@uiiiv-lorraine. f r 



